Extension of a recently developed analytical two-phase steam flow calculator to high pressure cases is performed in this paper. The initial solution, obtained in earlier study was developed for low pressure cases. In low pressure cases, the vapor portion of the two-phase mixture reliably obeys the ideal gas Equation of State (EOS). In the present high pressure study, real gas effects are included using the more suitable EOS of "Lee-Kesler". The model similar to the low pressure model assumes local equilibrium between the phases, in which condensation onsets as soon as the saturation line is crossed. Before the condensation onset, the stagnation properties echo those at the inflow. However, beyond the condensation onset, the transfer of latent heat toward the vapor portion of the two-phase mixture, rises its stagnation temperature. To evaluate this rise in the vapor portion stagnation temperature, a non-dimensional parameter "ζ" is defined. Comparisons for low-and high-pressure cases between the present analytical solution and the published experimental values in the literature show very good agreement.
INTRODUCTION
Correct prediction of moisture content in steam flows is both scientifically interesting and of engineering importance. To name a few: condensing flows of moist air or combustion products, aerosol formation in mixing processes, aerodynamic testing in cryogenic wind tunnels, steam turbines and expansion in vapor nozzles, are termed.
For a two-phase steam flow, if a correct relation between the static and stagnation conditions of the vapor phase (the dry portion of the two-phase mixture) is constructed it will be possible to properly predict all of the flow characteristics and fluid thermodynamic properties [1] ). This implies that determining the stagnation properties (total temperature and pressure) is a vital step in correctly computing compressible two-phase mixtures.
Following single-phase measuring techniques, stagnation probes are often used in two phase flow situation (Petr, [2] ; Stastny, [3] ; White, [4] ). In practice if the size of liquid droplets is small (less than one micron) the momentum (inertia) equilibrium between the two phase is maintained, and with the thermal equilibrium between the phases the pitot tube would measure the equilibrium stagnation pressure (Guha, [5] ). Although, imposing the assumption of equilibrium thermodynamic model in the wet flow studies is restrictive, but the development of non-equilibrium multi-phase models begins with the knowledge of equilibrium state.
In our earlier work we developed an algorithm to numerically compute the flow characteristics along a convergingdiverging duct, (Kermani et al. [6] ), in which we modelled condensing steam flow under equilibrium thermodynamic model. That was for low pressure steam flow condensations (about 0.25 bar) and the ideal gas EOS was a perfect choice for those pressure ranges. Later an analytical solution was provided for an identical problem, [1] , and an excellent agreement between the numerical and analytical results were obtained. These results also compared well with experimental data.
The present paper is a continuation to our earlier analytical solution, in which a more sophisticated EOS (the "LeeKesler" EOS) is being used for the high pressure cases (about 30 bars). Here, we provide a new chart and table to conveniently determine the local stagnation states of the vapor portion of a two-phase mixture through an isentropic expansion of the mixture. These conditions are used to fix the thermodynamic states and to determine the flow conditions along the duct. Both the "Lee-Kesler" and ideal gas EOS's produce identical results for low pressure application. However, only the "Lee-Kesler" EOS is suitable for high values of pressure. Good agreement between the high pressure experimental data (around 30 bars), [7] , and the present analytical solution using the "Lee-Kesler" EOS are achieved.
PROBLEM DEFINITION; BACKGROUND
In this section we only provide necessary contents and relations to explain the core part of our analytical solution, which is initially applied to low-pressure cases. Detailed information about the solution, and a step by step flowchart are given in Ref. [1] .
Consider a dry steam flow entering a converging-diverging nozzle that isentropically expands along the duct, as illustrated in Fig. 1 . This flow enters the shown control volume as dry with a mass flow rate ofṁ dry and leaves as wet (or two-phase) withṁ f andṁ g . For the present study under steady-state conditions,ṁ dry =ṁ f +ṁ g . The flow remains dry up to the "condensation onset" point, denoted by "c.o." in this study, beyond which according to the equilibrium thermodynamic model, a second phase (liquid water) is generated. The stagnation conditions attributed to the flow between the inlet and "c.o." stay constant, and echo those of the inflow. A relationship between the stagnation temperature and static temperature along this dry-flow process (i.e. up to the "c.o." point in Fig. 2 ) can be obtained from:
where χ =ṁ g /ṁ tot. is the quality at the arbitrary section. On the other hand, for an isentropic expansion of two-phase mixture along the duct, in which the local mixture-and reservoir-entropies are equal, χ = (s 0,res. − s f )/s f g . Here s represents the entropy and h f g is related to s f g through s f g = h f g /T . Using the concept of frozen Mach number [6] , Eqn. 6 is reworded as:
Comparing Eqns. 4 and 7:
Equation 8 is an interesting and conceptual equation, describing that ζ is proportional to the entropy rise of the vapor portion of the two phase mixture relative to that of the reservoir. This entropy rise is due to reversible latent heat flow from the condensate toward the vapor phase. It is noted that ζ takes a zero value from reservoir to the "c.o." point along the process line. However, beyond this point ζ accepts positive values and it is an increasing function along the process. That is:
The lowest value that the inflow entropy can accept corresponds to that of the critical point, (T cr. , P cr. ) = (647.29 K, 220.09 bars), and is s cr. = s 0,res. 4.4298 kJ/kg.K, [8] . On the other hand, the highest value that the inflow entropy can possess is due to the triple point, (T tr. , P tr. ) = (273.16 K, 0.00611 bar), which is s tr. = s 0,res. = 9.1562 kJ/kg.K. Therefore, s 0,res. can accepts any value between the entropy of the critical point and that of the triple point, i.e. s cr. < s 0,res. < s tr. .
In Eqn. 8, s g (the entropy of the vapor portion of the two-phase mixture) is a function of only temperature, T . Therefore, ζ, becomes a function of two independent variables T and s 0,res. :
Noting that s c.o. = s 0,res. , Eqn. 8 can be written as:
So ζ = ζ(T, s c.o. ), the range of variation of s c.o. ∈ [s cr. , s tr. ], and T ≥ T tr. , where subscripts "cr." and "tr." refer to the critical-and triple-points.
In the present study we assume the vapor as a real gas, and a compressibility factor is employed to include deviations from ideal gas behavior.
EQUATION OF STATE (EOS)
Deviations between the real and ideal gases at low pressure and high temperature conditions (i.e. large values of specific volume) is negligible, as indicated by gray region in Fig. 4 , [9] . These deviations become significant as the specific volume reduces. To take into account the real gas effects, the "Lee-Kesler" generalized EOS has been used in this study [9] :
where Z is the compressibility factor that shows deviations from the ideal gas equation of state, v is the specific volume of the gas, and R is the gas constant. The non-dimensional virial form of Eqn. 13 can be written as:
where
in which the non-dimensional variables v r , T r and P r are:
, T r = T T cr. and P r = P P cr. ,
where T cr. and P cr. are the critical temperature and pressure of steam, respectively. Empirical constants for pure substances like water are given in Appendix A.
THE ζ FUNCTION
To develop an equation describing the variation of ζ, Eqn. 12 will be used. To do so, we concentrate on the entropy rise of the vapor portion of the two-phase mixture (the numerator in Eqn. 12). It can be shown that the entropy rise between two arbitrary and distinct points 1 and 2 in the superheated region (including the saturated vapor line) is obtained using, [9] :
Differentiating Eqn. 13 along an iso-bar line:
The compressibility factor along the saturated vapor line, Z g , can be obtained from the Lee-Kesler equation of state. Using the data provided for Z g and P r along the saturated vapor line, one can fit a polynomial of degree n for Z g :
where n = 6 represents enough accuracy for the curve-fit, and the coefficients A 0 to A 6 are given in Appendix A. In case of an ideal gas Z g = 1 and in Eqn. 18, A 0 =1 and A k = 0 for any k ∈ {1, 2, . . . , n}. Applying Eqn. 16, along the saturated-vapor line between the "c.o." point and an arbitrary point along the saturation vapor line (g):
Again, in the case of ideal gase, Z g is a constant, =1, and (∂Z g /∂T ) p = 0. Therefore Eqn. 19 is simplified to:
where ∆S ideal is the entropy rise in the case of ideal gas. In the case of real gases, the entropy change is obtained from:
in which ∆s deviation represents the deviation from the ideal gas predictions, where:
It is noted that in case of ideal gases, ∆s deviation = 0. Using Eqns. 12, 20, 21 and 22 a formula for ζ is developed as:
where an average value of 1.32 has been assumed for γ. Equation 23 reiterates our earlier claim that ζ is a function of two variables T , and s c.o. (or s 0,res. ). This is explained below. Along the saturated vapor line P = P sat. , where P sat. is a function of only temperature. On the other hand the term (∂Z g /∂T ) P in the integrand can be written as:
The 
THE ζ CHART
For isentropic expansion of steam flow up to the condensation onset ("c.o.") point the flow is dry, and the stagnation temperature of the flow echoes exactly the same value as the reservoir. However, beyond the "c.o." (i.e. under the saturation dome) that is not the case, and for a closed form analytical solution within this region a relationship between the reservoir stagnation temperature and local stagnation temperature of the vapor portion of the two-phase mixture must be developed. As shown in Fig. 5 , for any point along an isentropic expansion process and within the two-phase region, there is an image (or projection) of the point on the saturated vapor line that if an imaginary stagnation condition (called the "local stagnation" condition) adiabatically and reversibly expands, it will arrive to the same point on the saturated-vapor line. Further deepening within the two-phase region and along the isentropic line, more latent heat will reversibly flow from the condensate toward the vapor portion of the two-phase mixture. As a result, this heat will enhance both the local stagnation of the vapor part, T 0,local , and its entropy, s g . The locus of these "local stagnation" points are determined as follows. Replacing Eqn. 11 into the Eqn. 3, we obtain:
and substituting ζ from Eqn. 23 into Eqn. 25, one can obtain:
The stagnation conditions shown in Fig. 5 are connected to each other to give the locus of the local stagnation points as shown in Fig. 6 .
It is noted that for T ≥ T c.o. the flow is dry and ζ = 0. Hence, T 0,local and T 0,res. are equal. On the other hand, for T < T c.o. the flow is wet and ζ > 0. As a result T 0,local is greater than T 0,res. in this region, as depicted in Figs. 5 and 6.
Assessing Eqns. 11 and 25, it is noticed that T 0,local is a function of three variables, including two reservoir properties T 0,res. , s 0,res. and the local temperature T . Since the inflow stagnation properties, i.e. T 0,res. and s 0,res. are optional and given, they are taken as two constants C 1 and C 2 , respectively,
This makes Eqn. 26 a general formula to depict a family of curves describing the locus of "local stagnation" conditions in a T − s diagram. These family of curves for given C 1 and C 2 are obtained in the following form: Figure 7 shows a family of curves which describe the "local stagnation" conditions of the vapor portion of the two-phase mixture. These curves originate from the saturated-vapor line, as shown in Fig. 7 , with the first in the family of curves initiating from the critical point. At this point the question is: how can this figure (Fig. 7) help us to obtain the "local stagnation" conditions of the vapor portion of the two-phase mixture? Figure 8 shows a dry (superheated) steam at an imaginary reservoir upstream of the inlet face of the nozzle, which isentropically expands along the nozzle. When the process crosses the saturated vapor line, the gas component of the two-phase mixture starts to move along the saturated-vapor line (the blue line shown in Fig. 8 ). The "local stagnation" conditions of an arbitrary point on the saturated vapor line is obtained as follows. A horizontal line, extended from an arbitrary point on the process line (see Fig. 8 ), crosses the saturated vapor line at the end of the prescribed blue line. This point is therefore vertically extended until to meet the same curve that the inflow stagnation point belongs to (see Fig. 8 ).
That happens at the coordinate of (s 0,local , T 0,local ) on the s − T coordinate-system (see Fig. 8 ).
In the limiting case the inflow stagnation condition is located right on the saturated vapor line. The expansion of the flow to the inlet face of the nozzle will make the nozzle inlet to experience a wet flow entering, as shown in Fig. 9 . The procedure to obtain the local stagnation conditions is similar to the above-mentioned case.
THE ζ TABLE
In previous section, we introduced a new thermodynamic chart containing a family of curves providing profiles of "local stagnation" conditions of the vapor portion of the two-phase mixture for an isentropic expansion. Using Eqns. 8, 9, 10 and 23, a three-dimensional surface is obtained in s -T -ζ space (see Fig. 15 ) describing the behavior of ζ -function for an isentropic expansion of condensing steam flow.
In this section, we aim to reword our discussions in previous section in order to give a user friendly way to extract the local stagnation states. To do so, we focus on the variation of ζ as a function of two variables temperature, T , and reservoir entropy, s 0,res. , (see Eqn. 11). For an isentropic expansion from the reservoir, local mixture entropy, s, and that of the reservoir are equal, i.e. s = s 0,res. . Therefore Eqn. 11 can be written as:
Using the data of ζ -surface a table is developed. This table can simplify the calculation procedure of the "local stagnation" conditions and the corresponding characteristics of the flow field. The calculation procedure is detailed in Sec. 7.
As shown in table 3, the first column represents the local temperature T , and the top row of this table corresponds to the reservoir entropy s = s 0,res. . In fact each column corresponding to s = constant is representing an isentropic process with the given reservoir entropy, specified at the top of each column.
EXTRACTION OF THE FLOW FIELD CHARACTERISTICS USING THE ζ TABLE
The steps to obtain the flow field characteristics using the ζ table are summarized in this section. The solution procedure is similar to those of the low pressure case, [1] , and start with known stagnation-pressure and temperature corresponding to a dry (or marginally dry) reservoir upstream of the nozzle. The following steps explain the solution procedure:
Step 1 Obtain s 0,res. using T 0,res. and P 0,res. , and find the corresponding column in the ζ table. s 0,res. is denoted by s for simplicity in this table.
Step 2 As shown in Table 3 , each column in the table contains a cell corresponding to the condensation onset point ("c.o.") at which ζ is marginally zero, and the corresponding temperature being T c.o. . As noted in the table, for temperatures more than T c.o. , ζ = 0 and according to Eqn. 25 we obtain: T 0,local = T 0,res. . With the flow being dry up to the "c.o." point, and T 0,res. being known, the Mach number at the "c.o." is determined using Eqn. 1.
Step 3 Determine if the nozzle throat is wet. With M c.o. being known from Step 2, in the case of M c.o. > 1, the sonic throat is upstream of the "c.o." and it is dry. Therefore, T * > T c.o. , where the * denotes a sonic throat condition. Otherwise, M c.o. < 1 and the throat is wet and T * < T c.o. . The dry and wet-throat conditions are explained below in detail.
Step (3-a) The throat is dry. Therefore, the local stagnation conditions at the throat are equal to those of the reservoir. Then T * is obtained from:
Step (3-b) The throat is wet. So the static temperature at the sonic wet throat, T * , and the corresponding ζ * are obtained using an iterative attempt between Eqn. 4 with M * = 1:
and the ζ-table. It is noted that iterative attempt is performed along an s = s 0,res. column in ζ -table. The following steps is used to obtain the throat conditions T * and ζ * as: It is emphasized again that this iterative solution is performed along the s = constant column with the temperature varying between the "c.o." and beyond.
Step 4 At the given s = s 0,res. column of Table 3 , and any chosen value for T (where T < T c.o. ), ζ can be acquired from the table. Therefore, the local stagnation temperature of the vapor portion of the mixture is obtained using Eqn. 25:
where ∆T 0,local = T · ζ. Similarly, an entropy of the vapor portion of the mixture can be obtained as:
where s 0,local is the entropy of the vapor portion of the mixture also denoted by s g , and ∆s 0,local = C P · ζ. The local stagnation conditions of sonic throat (if wet) can be derived in similar manner. Therefore, knowing ζ, T and T o,local for any point along the s = s 0,res. constant line, the corresponding Mach number, M , can be obtained by Eqn. 4.
Step 5 The wetness fraction at any arbitrary point along the nozzle can be computed by multiplying ζ to the corresponding value of α (= C p /s f g ) (the second column from left in Table 3) :
where ω is the wetness fraction. Equivalently the quality χ can be obtained using:
With the selected T (static temperature) in Step 4, pressure in the two-phase region is set to the saturation pressure at T . On the other hand, in dry regions (upstream of the c.o. point) the local pressure is obtained using the isentropic relation (i.e. P 0,res. /P = (T 0,res. /T ) γ/(γ−1) ) along the process line. The relation between the local flow field characteristics such as M, T, P, χ etc. and the duct geometry is explained in full detail in [1] also repeated in Sec. 8 for completeness purposes.
RELATING A/A* TO THERMODYNAMIC PROPERTIES
To relate A/A* to the obtained flow field characteristics such as M, T, P, χ etc. a general equation from Ref. [1] is used, where A is an arbitrary section along the nozzle and A * is the cross sectional area of the sonic throat,
In general Eqn. 36 applies to both dry and wet cases, in which both A and A * can be wet. For dry flow through the dry sonic throat, χ = χ * = 1, T 0,local = T * 0,local = T 0,res. and P 0,local = P * 0,local = P 0,res. . In this case, Eqn. 36 is simplified to the classical equation for A/A * in gas dynamics. For wet flows, the "local stagnation" temperature at the sonic throat are obtained as mentioned in Step 3 and 4 in previous section. The "local stagnation" pressure is:
where P in wet regions is equal to the saturation pressure at the local temperature. For detailed information the reader is referred to Ref. [1] .
RESULTS VERIFICATION
The validity of the present analytical solution in low pressure cases (about 0.25 bar) were assessed in full detail in an earlier study [1] . However for completeness purposes a brief description is included here as well (in Sec. 9.1). On the other hand, accuracy assessment of the present analytical algorithm at high-pressure cases, about 30 ± 5 bars, are fully discussed in Sec. 9.2.
Results Verification; Low Pressure Cases (about 0.25 bar)
For pressures below 0.25 bar, a sophisticated EOS (like the "Lee-Kesler's") produces identical results as those of the ideal gas [10] . That is the ideal gas EOS is of enough accuracy for steam subjected to low-pressures. We have therefore used it in our earlier calculations of the low-pressure cases [1] . The comparisons performed in [1] were against our earlier numerical computations [6] and the experimental data reported in [11] . The numerical computation in [6] were performed using a spatially third-order upwind biased scheme of Roe [12] and van Leer [13] extensively used in [14] . The experiments, as reported in Ref. [11] , were performed on four different nozzle geometries A, B, C, and D each with a different expansion rate. For the comparison purposes in low pressure cases two nozzle geometries A and D with the highest and lowest expansion rates, respectively, were used. As detailed in Ref. [1] excellent agreement between the analytical solution and the numerical computations were achieved for both of the nozzles, with the some differences with the experimental data due to the non-equilibrium effects in the vicinity of condensation shocks in the present rapidly expanding steam flow. Tables 1 and 2 summarizes some parts of the comparisons at low-pressure cases for nozzle geometries A and D, adopted from [1] . The nozzle cross sectional area (A) along the nozzle axis (X) are given in the first two rows of Tables 1 and 2 . Comparisons between the analytical solutions and numerical computations for static temperature and Mach numbers at various locations along the nozzle are shown in these tables, with the subscripts Anal. and N um. standing for "Analytical" and "Numerical" values, respectively. As shown in Tables 1 and 2 , excellent agreement between the results is achieved.
Results Verification; High Pressure Cases (about 30 ±5 bars)
The present study includes the extension of a low-pressure analytical two-phase steam flow calculator to high-pressure cases (see Sec. 7). The accuracy assessment of the present calculator in high pressure cases is performed in this section. In high pressure cases of about 30 bars the ideal-gas EOS is not of enough accuracy (see Fig. 4) , and a more sophisticated EOS, like the "Lee-Kesler" EOS is being used in the present study.
To assess the accuracy of the present analytical solution at pressure values about 30 bars, five test cases have been used. The comparisons were versus the experimental data taken from Bakhtar and Zidi (1990), Ref. [7] . The geometry chosen is that of nozzle L in their paper (see Ref. [7] ), with the profile of the nozzle cross sectional area given by Eqn. 15. The non-dimensional pressure along the nozzle axis between the present analytical calculator and the experimental data of Ref. [7] are compared in Figs. 10 to 14 . In all of the test cases the geometry is identical, with the stagnation conditions of Table 2 : Comparison between temperature and Mach number along the nozzle D-the nozzle with the lowest value of expansion rate from the nozzle series A to D [11] .
the reservoir changed, as noted in Figs. 10 to 14. In all the cases good agreements between the present analytical solution and the experimental data are achieved, with some minor differences due to the non-equilibrium effects in the present rapidly expanding steam flow. As noted earlier, the present study assumes an equilibrium model in which condensation onsets (at the "c.o." point) as soon the saturation line is crossed. However, in a non-equilibrium model the second phase is not generated until high supercooling levels of about 20 to 40 o C (depending on operating pressures) is achieved, see Gerber and Kermani (2004) for more detail. Usually this high levels of supercooling (deepening below the saturation temperature) is followed by condensation shocks in which a significant amount of latent heat is rapidly flown toward the vapor phase, Kermani and Gerber (2003) . The present analytical model is not capable of including the complicated features of local non-equilibrium between the phases and condensation shocks. However, as seen in Figs. 10 to 14, it is able to correctly capture the details of the flow under the assumption of local equilibrium between the phases.
CONCLUDING REMARKS AND FUTURE PLANS
A new non-dimensional function, ζ, is introduced for the calculation of condensing steam flow obeying the equilibrium thermodynamic model, and applied to internal duct flows. The function represents the deviation of the "local stagnation" temperature from that at inflow. For this function a thermodynamic chart and table has been provided in this paper for the first time. The prescribed ζ -function takes values equal to zero in dry regions, and positive in wet regions. The solution requires the stagnation properties at the nozzle inlet face and the duct geometry.
The method has been applied to several low pressure test cases of about 0.25 bar previously in [1] , and extended to high pressure cases around 30 bars in the present study, in which the vapor has been taken as a real gas obeying the "Lee-Kesler" equation of state. The results for both low and high pressure cases agree very well with the published experimental data [11, 7] , with some minor differences due to the non-equilibrium effects.
As a plan for future and as noted in Secs. 2 and 4 an average (constant) value for γ has been used throughout this study. However, γ can have a variation of about 10 to 15% in a wide spectrum of pressure ranging from 0.25 to 30 bars. As shown in Figs. 10 to 14 the analytical results obtained in this paper (with constant γ) agree well with the experimental data of Bakhtar and Zidi (1990) . To assess the effect of γ on the solution a sensitivity study is needed to be performed. 
Using the above Lee-Kesler EOS, the compressibility factor of saturated vapor, Z g , can be determined by a sixth order polynomial as a function of reduced pressure of vapor:
where the coefficients A 0 to A 6 are:
Geometry of Nozzle L. Profile of the diverging portion of the nozzle L is shown in Fig. 3 . Table 3 : Table of ζ(T, s) function at γ = 1.32. Here T is the local temperature, and s is the reservoir entropy. s = s 0,res. determined from T 0,res. and P 0,res. . As noted by Eqns. 25, and 34 the local stagnation temperature and the wetness fraction are, respectively: T 0,local = T 0,res. + T · ζ, and ω = α · ζ .
